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Optimal Parameter Estimation Under Controlled
Communication Over Sensor Networks

Duo Han, Keyou You, Lihua Xie, Fellow, IEEE, Junfeng Wu, and Ling Shi

Abstract—This paper considers parameter estimation of linear
systems under sensor-to-estimator communication constraint. Due
to the limited battery power and the traffic congestion over a large
sensor network, each sensor is required to reduce the rate of com-
munication between the estimator and itself. We propose an obser-
vation-driven sensor scheduling policy such that the sensor trans-
mits only the important measurements to the estimator. Unlike
the existing deterministic scheduler, our stochastic scheduling is
smartly designed to well compensate for the loss of the Gaussianity
of the system. This results in a nice feature that the maximum-like-
lihood estimator (MLE) is still able to be recursively computed in
a closed form, and the resulting estimation performance can be
explicitly evaluated. Moreover, an optimization problem is formu-
lated and solved to obtain the best parameters of the scheduling
policy under which the estimation performance becomes compa-
rable to the standard MLE with full measurements under a mod-
erate transmission rate. Finally, simulations are included to vali-
date the theoretical results.

Index Terms—Wireless sensor networks, maximum likelihood
estimation, Cramer-Rao bounds, event-based communication.

I. INTRODUCTION

ESPITE the benefits such as abundant information

without geographical limit that wireless sensor networks
provide [1], estimation theory encountered new challenges
imposed by wireless communication in recent years. For in-
stance, the measurement quantization effects on the estimation
performance have been extensively studied in [2]-[7]. The
unreliability of the communication channel such as data packet
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delay or dropout has also been considered in [8]—[12]. In this
paper, we investigate a class of problems called controlled
communication for estimation [13]. The concept of controlling
communication between the sensors and the remote estimator
is rooted in the limited communication resources for each
single sensor. What we refer to as communication resources are
generally classified into two broad categories, namely, sensor
energy and network bandwidth. The most common dilemma the
estimation system has to face is that, the sensors are required
to temporally and spatially provide as much information as
possible to the estimator, but on the other hand the sensors
cannot work at full load due to limited battery power or traffic
congestion over a network. In other words, provided a limited
energy budget, the total number of transmission of one sensor,
i.e., the number of data reporting jobs a sensor can do, is finite.
Also, when a network of sensors are used, reducing the number
of sensors reporting data at the same time relieves the traffic
burden and saves the cost of constructing an expensive channel
with high bandwidth.

As for the bandwidth-constrained estimation problem, many
existing works attack the problem by using one or several bits
to represent an analog measurement such that the limited band-
width is sufficient for a distributed sensor network [2], [6], [7],
[14]-[16]. For example, a problem of parameter estimation with
binary quantized measurement is studied in [2]. The maximum
likelihood estimator (MLE) is conceptually derived and an opti-
mization problem is formulated to find the optimal nonidentical
thresholds for binary quantization. The similar idea of binary
quantization is applied to the Kalman filtering in [17] and an
approximate minimum mean square error (MMSE) estimator is
obtained. Marelli et al. [7] studied the identification problem
for an ARMA model with intermittent and quantized measure-
ments and implemented the MLE estimator using the EM-based
algorithm. The energy-constrained estimation problem is also
widely studied in [18]—-[22]. For example, Li et al. [20] explored
the tradeoff between the subset of active sensors and the energy
used by each active sensor to minimize the estimation error.
Mo et al. [21] proposed a stochastic sensor selection policy in
a sensor network with tree topology to satisfy a limited energy
budget.

It is known that the communication unit consumes more
power than any other functional block of a sensor [1], [23].
Moreover, a typical data packet usually consists of many bits of
header and thus the cost of transmitting one packet is relatively
high no matter how much the payload is. Therefore, the burden
of limited energy and bandwidth can be effectively lightened
by controlling the rate of packet transmission. In the sequel we
refer to the packet transmission rate as the transmission rate.
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Fig. 1. Parameter estimation framework.

We focus on the parameter estimation under the constrained
transmission rate in this paper. The sensor measurements are
used to estimate an unknown but deterministic vector param-
eter. However, not all the measurements are transmitted to
the estimator for some reasons, such as extending a sensor’s
life span, relieving the traffic congestion, etc. An alternative
countermeasure is that the sensor is allowed to send its mea-
surements periodically. The length of the period is designed
based on the desired tradeoff between the performance quality
and the communication cost. In this method, the sensor treats
all the measurements with equal importance. However, this
method is shown to provide a worse tradeoff than an adaptive
one which can differentiate the importance of each sensor [24],
[25]. A better idea is that by defining some metric to measure
the importance, the sensor at each time intentionally discards
the unimportant data packets to save their communication
resources. This concept has been widely used for estimating the
state of a dynamical system [25]-[28]. A closely related work
[29] studied the asymptotically optimal parameter estimation
problem with scheduled measurements. They derived the MLE
with a subset of measurements and analyzed the asymptotic
properties of the estimator. Their MLE lacks a simple form and
is computationally demanding.

We consider the remote estimation scheme shown in Fig. 1,
where the sensor observes the vector parameter through a
time-invariant or time-varying observation matrix with ad-
ditive Gaussian noise. To save the communication cost, the
sensor decides whether to send the measurement x; to the
estimator. In the spirit of [27] which dealt with the MMSE
state estimation of a linear time-invariant system, we propose
a stochastic scheduling solution to the transmission rate con-
strained parameter estimation problem. The solution results in
a closed-form MLE and a recursive algorithm to compute the
MLE, which possesses a main advantage over the deterministic
threshold-type mechanism in [29]. Unlike [27], we analytically
present extensive asymptotic results on the proposed MLE
which show the consistency and asymptotic normality. We
also formulate an optimization problem to find the optimal
parameters in the scheduling policy. The main contributions of
this work are summarized as follows.

1) We design a stochastic scheduling policy to reduce the
transmission rate while preserving sufficient estimation ac-
curacy. Then, we derive a closed-form MLE which is im-
possible in the existing work and present a recursive MLE
algorithm.

2) Though it is biased in general, the MLE is proved to be
asymptotically unbiased and consistent. We derive an
analytical expression of the Cramér-Rao lower bound
(CRLB), which the covariance of the MLE asymptotically
reaches under some mild assumption. Moreover, we ex-
tend the result into the case where the observation matrix
is random.
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3) The proposed stochastic scheduling policy with two new
design parameters can be adjusted to achieve an arbitrary
tradeoff between the estimation quality and the communi-
cation. A general optimization problem is formulated, with
respect to the new design parameters, to find the optimal
tradeoff balance. The optimization problem is successfully
relaxed and the tight upper and lower bounds of the op-
timal solution are solved using semidefinite programming
(SDP).

4) When the prior knowledge of the parameter to be estimated
is available to the estimator, we study the maximum a pos-
teriori estimation problem and more generally, the Bayes
estimation problem.

The remainder of this paper is organized as follows. In
Section II we describe the parameter estimation problem of
interest and present a novel scheduling solution. Then we
solve the MLE in a closed-form and study some variations in
Section III. In Section IV we carry out asymptotic analysis
of the derived estimator. In the following section we discuss
how to search the optimal parameters in the scheduling policy
by formulating an optimization problem. In Section VI we
discuss how to incorporate prior knowledge of the parameter
to be estimated into the MLE. Some numerical results and
concluding remarks are given in Section VII and VIII.

Notations: Let @ € R™ be a random vector on a probability
space (€2, F,Pr). We use f,(-) to represent a probability den-
sity function (abbreviated as pdf) of x. z, =% x means that
a sequence of random vectors indexed by n converges almost

surely to the random vector x. x,, % & means that a sequence
of random vectors indexed by n converges in distribution to
the random vector z. V(g) and V?(g) are the gradient and the
Hessian matrix of a scalar function g. I,, is the identity ma-
trix of rank n. det(A4) is the determinant of the square matrix
A. p(A) is the spectral radius of the matrix A, i.e., the largest
eigenvalue in magnitude of A. R7*™ and R7’(" are the set of
n X n positive semidefinite and definite matrices. To compare
two n X n matrices, we denote A > B if A — B € R}*",
A > B likewise. Y is the Moore-Penrose pseudoinverse of Y
€ R™*™ || X||s is the oo-norm of a matrix X, i.e., the max-
imum of the absolute row sums. Given a positive definite matrix
X, |lyllx := (y" Xy)? is the weighted norm of the vector y.

II. PROBLEM STATEMENT

Consider a parameter estimation problem of estimating # &
R™ described as

rr=H 0+, 1 <kE<N (1)

where x;, € R™ is the measurement and v, € R™ is the i.i.d.
zero-mean additive Gaussian noise random vector with covari-
ance matrix ¥ € R’ ™. The observation matrix H, € R™*™
satisfies supy, || Hg||o < o0. The parameter 8 is unknown and
to be identified. The sensor measures the contaminated value xj
of the parameter # and sends the measurement to a remote esti-
mator for estimating 8.

Taking both the estimation quality and the communication
cost into account, we choose a subset of measurements to
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transmit for an estimation task, according to a certain crite-
rion. We consider designing a sensor scheduling policy such
that those more important measurements are more likely to
be received by the estimator. Consequently, we expand the
sensor lifetime in an average sense. Let v be the indicator
whether the sensor is authorized to transmit data at time k,
i.e., permitted when v, = 1 and denied when v, = 0. Many
criteria for determining which measurement is important have
been proposed. For example, a sensor scheduling policy {vi}
is considered in [29]:

= 07
Yk 1,

where 77, and ¢ are given. When the real function of the scalar
measurement z, exceeds the threshold 4, a transmission is trig-
gered.

In this work we consider the following stochastic sensor
scheduling policy {+x}: given a specific x, the transmission
indicator 7y is a Bernoulli random variable with the probability
of failure exp(—(1/2)||zx — Tk||2A;1), ie.,

if 22Tk | < g,
a .
otherwise,

2

1 .
Yk |zy =z ~ Bern <lexp <§Hl7—k”ik1>> N E))

where the sequence of vectors {7, € R™|1 < k < N} and the
sequence of positive definite matrices {Ay, € R’ffmu <k<
N} are the parameters to be designed. Note that the conditional
random variable 7|, —, is defined with a known distribution
but the probability of success of i, itself is unknown, which will
be shown later.

An observation from (3) is that the probability of v, = 1 is
lower when xy, is closer to 7%, namely, a transmission is less
likely when x3, is closer to 7. The intuition behind (3) is that,
from a viewpoint of the estimator, v = 0 implies that xj is
around the known reference 7 with a high probability, and thus
the estimator is still able to make a good guess of z; even when
the measurement is dropped for communication saving. The pa-
rameters 73 and Ag, of which the estimator has a knowledge,
play roles of known reference and scaling factor, respectively.
It is worthwhile to notice that the probability of v, = 1 is a
binary function of the value of the predefined function of x4 in
(2) while the probability of 3 = 1 is a continuous function of
the value of the predefined function of x in (3). The exponen-
tial function of 73 and Ay in (3) resembling the Gaussian pdf
renders the derivation of the MLE tractable, which we shall see
later.

Remark 1: The drawback of the deterministic scheduling
policy in [29] is the lack of an explicit expression of the resulting
MLE. In the case of vector measurements, the computational
complexity of the multivariate integration is demanding. This
motivates us to find a stochastic policy to reduce the computa-
tion burden and also achieve a good tradeoff between estimation
and communication.

The operation principle of the sensor is described as follows.
The sensor collects the observation x; and computes the real-
valued function 7 = 1 — exp(—(1/2)[|lzx — 7&||3 +). Then

k
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the sensor generates a Bernoulli random variable =y, with the
probability of success 7 to determine whether to transmit x.

To facilitate the derivation, we denote the information set at
the estimator side as

ZN::{ZI,...,Z];;,..-,ZN}7 (4)
where
Lo [ ok wheny =1,
ke o— O-, When Vi = O

We use 2, = 0 to represent the event of v, = 0. Notice that
there is a notation conflict between the case where x5, = 0 and
v, = 1, and the case where v = 0. Since the probability
measure of x; = 0 when v, = 1 is 0, the fact that z; = 0
only represents the event of y;, = 0 will not affect the analytical
results in the sequel. Furthermore, the average transmission rate
is denoted to be

(&)

The remaining questions after we propose the scheduling
policy for the parameter estimation problem are

1) Under the stochastic scheduling policy, how shall we cal-
culate the MLE based on the information set Zx ? And how
shall we evaluate the average transmission rate vy ?

2) With respect to an increasing number of measurements,
what is the asymptotic stochastic properties of the param-
eter estimation, in terms of the unbiasedness, consistency
and normality?

3) Is it possible to jointly optimize the estimation quality and
the transmission rate by making use of the design freedom
7, and Ag? If so, how do we solve the resulting optimiza-
tion problem?

4) If there is some prior statistical knowledge of the unknown
parameter, how can we incorporate that information into
the parameter estimation process?

In the following sections, we will give answers to all these

questions.

III. MAXIMUM LIKELIHOOD ESTIMATION WITH
SCHEDULED MEASUREMENTS

In this section we present the MLE with the information set
in (4). The first step to derive the MLE is to find the joint pdf of
Zpn. To this end, we need some preliminary results. We know
that 2, is independently Gaussian distributed, i.e.,

exp (4 llox — 0]
(2m)™ det(3) ’

for () 1= N (H, 6,%) =
©)

Let us define an auxiliary function for the pdf f,, (x) given a
pair of (7, Ag),

1 1 5
d(Tk,Ak)(x) = a—kexp (—51' — Tk”Ak1>
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where

11 1 2
ay = det(I, + SA. ") % exp <_§ (AR TkHAHZl) '
(M

We need the following intermediate result to facilitate the
derivation of the MLE, which shows that the product of the aux-
iliary function and the density function f,, () is still Gaussian.

Lemma I: For any given pair of (7, Ay), the following
equality holds:

dirpan) (@)« fu (2) = N (wr, Qi) 3
where
wp =HY 0+ S(S+ Ay) H(m — Hy ), )
Q=2 -S(D+ AL (10)
Proof: The result is proved by completion of squares,
d(r.00) (%) * far ()
1 e (~Hle Az - e - H 6l )

a 2r)" det (%)

2
exp (721,”1, — Wkngk—l)

2m)" det()

Wt is shown that the product
of two Gaussian-like function is still a Gaussian-like function.
The constant «ay, is a normalized constant to ensure fz, () to be
a Gaussian pdf. The transformed mean wy, and covariance 2,
play important roles in the subsequent sections. Now we have
an immediate result on the probability of a measurement being
selected to transmitted.

Lemma 2: Given the stochastic sensor scheduling rule in (3),
the probability of transmission permission for the sensor at time
k is given by

a1 1 2
1 —det (L, + A, 1) * exp <—§HH;9 - TkllAk+21> ‘
(11)

Proof: The probability of success of the Bernoulli random
variable y;, depends on the Gaussian random variable z; from
(3). To obtain the probability of v;, = 1, we take the expectation
of the probability of success of the conditional random variable
Vi |y, =2 10 (3) over zj,. Thus we have that

“+oc
Pr{v, =1} = / Pr(vi = 1|2k = 2) fa, (z)dz

—oC

+oc

[ [t-ew (S5l nli o )| s

=1— / fz, (x)da.
Rm

The first equality is due to Bayes’ theorem and the third
equality is due to [ fz, (z)dz = 1. |
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By a little abuse of notation, we use f,, (x) and f(zy) inter-
changeably to denote the pdf of xx. From Lemma 2, the joint
pdf of Zx with the unknown parameter 4 is given by

N
Jan (212w 0) = ] fen (@) Pri{y = 0} (12)
k=1

Then the log-likelihood function is written as
Lan;0)=log fzo(z1,...,2n;0).
., 2N; 8) to Iy (8) for simplicity, then

ZZN(Zl,..

Abbreviating Iz, (#1, . .

we have,
N 1
In(®) = Y [ log ((27)" det()) 2
k=1
1 T 2
- §WfHHk 0 — ‘L"k”zfl
41— ) log (det (L, + ALY *%)

(1—%)\H,€Te—rk|yik+zl]. (13)

For the ease of derivation, we define the following functions
of 6,

DO | =

gk(ﬁ) = 'Yka271 (:Ijk — H}IO)
+ (1= ) Ho(S + &)~ (7, — HJ 9), (14)
hi(8) ==y Hi XV H, + (1 — ) He(Z + Ag) THY . (15)

We are now ready to present the MLE under the information set
(4). We shall see that the resemblance between the threshold in
the selection policy (3) and the Gaussian distribution facilitates
the MLE derivation.

Theorem 1. Consider the estimation problem in (1) and the
scheduling policy in (3). The MLE @5 based on Zy is given as

i

N

by = [Z v Hy S H] + (1 — ) Hiy (S + Ak)lHkT]
k=1

N

ZW’kaEfla:k + (1 —v)He(Z + Ak)l'rk‘| . (16)
k=1

X

Proof: Taking the gradient of I (6) in (13) over 6, we have

Y (n(8) = 0:(6). (17)
k=1

Also taking the Hessian matrix of Iz, (21, . .., zn;8), we have

N
V(N (8) = = hi(6). (18)

k=1
Note that VZ(In(d)) < 0 since ¥,A; > 0. Thus

Izy(#z1,...,2n;8) is a concave function over 8 € R™. Letting
V(in(8)) = 0, we obtain y = argmaxy Iy (6) is the MLE
which completes the proof. [ |

Remark 2: In [29] the MLE with the deterministic sched-
uler cannot be explicitly written and some algorithms are pro-
posed to numerically find the MLE. The high computational
complexity restricts the practical use, especially when the multi-
variate integration is involved for vector measurements. On the
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contrary, our scheduling policy and the corresponding MLE can
be easily implemented and analyzed.

By invoking the techniques of least squares estimator (LSE)
[30], we can write the MLE in a recursive way. Denote by =
E[f|z1,-.., 2x] as the estimate of 8 after k& measurements and
Py, :=E[(6 — 6x)(6 — 8)7 |21, .., z) as the estimation error
covariance. The following algorithm can be used to find the
MLE iteratively.!

Algorithm 1: Iterative MLE

Initialization:

Initialize éo =0and Py = ¢l,,c > 0.
Repeat:

Compute the gain matrix

-1
Ky +— P._1Hj, (H;—Pklek-‘rZ—‘r(l*"/k)Ak) . (19)

Update the estimate and the covariance according to
Pk < Pk—l
— Ky, (H Poo1Hy + S+ (1 — ) Ay) K, (20)

O 0 1 + MK (éL’k - H;;rékq)

-+(1-7k)B¥:(Tk——lfgék,l)}. 1)

Until: £k = N, output éN and Py.

It is worth noting that the MLE is biased and E[0 | depends
on 7. To see it clearly, we first show that E[g(6)] = 0, where
gx(0) is defined in (14). The proof is reported in the Appendix.

Lemma 3: Consider g (8) defined in (14). For any 1 < k
< N, E[ge(0)] = 0.

_ Now, we use a simple example to illustrate that the estimator
N is generically biased. Considering that the MLE with only
one observation {z; } as 81, from (16) we have

by = [nH S HT (1) (S A ET ]

X [viHiE o+ (1—m)Hi(E+A) 'n] . (22)

Then we have
E[61]
- / (B H) 2t (2 — H] 0+ HY 6) das
{m=1}
+ / (H1(2+A1)71H1T)TH1(2+A1)71
{m =0}
x (r — H{ 6+ H{ 6) da;
=6+ (Hz ' H) Eln(0)
+ / [+ a) B - (s )
{m=0}
x (m1 — H{ 8) da

T
=04+ a1\ (Tl—Hl 9), (23)

IIn the initialization ¢ is a constant representing the initial confidence level
about how accurate 8y is, i.e., ¢ = 0.01 for a confident guess or ¢ = 100 for a
very rough guess.
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where Ay = (Hi(S+ A1) HD — (= *HD. The
second equality is due to Lemma 1 and 3. Note that even the
one-measurement estimator is biased unless 7, = H 4. In fact,
we do not know the exact value of 4.

To maintain the unbiasedness of the MLE under the proposed
policy in (3), we let 7, = H,;'—ék,l, ¥k for (21) in Algorithm 1.
To be specific, the adaptive estimator is denoted as

0% := by, with 7, = H} 0j,_y,Vk. (24)

The next theorem presents some statistical properties of é}“v.
Theorem 2: Let E[fg] = 6 and assume Py to be invertible.
The following statements hold.
1) The adaptive estimator HA:‘V is unbiased, i.e., E[0%] = 6.
2) The error covariance of 6% is .
N
Py=|P, '+ ) Hy(S+(1—7)A) " H,T] . (25)
k=1

Proof:
1) Let E[fy 1] = 8. From (21), we have

E[fe] = E [EBe/ ]
= [E[ékfl] + Pr{% = ]-}Krli
X (H,;FH —Elw] - H;;F[E[ékfl])

+ Pr{y = 0}K} (HJ[E[ék—l] - HkT[E[ék—l])

where we denote K} = P, 1Hy(H] P,_1Hyg + %)~ !
and K} = Po_1Hy(H] P,_1Hy + ¥ + Ap) L. Since
E[fo] = 6, we inductively conclude that E[6%] = 4.

2) From (19) and (20), we can rewrite the covariance recur-
sion as

Pl=P v H (24 (1 w)AL) " HY .

Assuming the initial covariance P, to be invertible, we can
compute the covariance in (25). ]

IV. ASYMPTOTIC ANALYSIS OF THE MLE WITH
SCHEDULED MEASUREMENTS

In this section we study the asymptotic properties of the
MLE in (16). We show that Oy is consistent and asymptotically
normal with an explicit form of the stationary covariance.
Moreover, we manage to calculate the average transmission
rate. First we need to introduce the following persistent exci-
tation [31] assumption which is essential for the asymptotic
convergence of the MLE with full measurements.

Assumption 1: There exists a real number ¢ > 0 such that

(26)

N
o] —1pyT
l}wglcf N kE—I oYX H, ><l,.

In the next proposition we give the CRLB for any unbiased
estimator with the information set Z . The proof is reported in
the Appendix.

Proposition 1: Let the Fisher information matrix to be

N
In =Y HpX'HY — apH X '8 HY
k=1

@7
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Then the CRLB for any unbiased estimator #%; based on Z in
(4) is given by 3, i.e.,

Var (8%) > T4, (28)

Next we present the asymptotic properties of the MLE. We
show that the covariance of the MLE asymptotically reaches the
CRLB and thus the MLE is asymptotically optimal from Propo-
sition 1. The mild condition of persistent excitation in Assump-
tion 1 is needed to guarantee the consistency and asymptotic
normality.

Theorem 3: Under Assumption 1 and the assumptions of
supy, ||He| < oo and supy, ||7]] < oo, the MLE 8y in (16)
has the following asymptotic statistical properties.

1) Consistency: Oy 25 0.

2) Asymptotic unbiasedness: E[6x] <5 .
3) Asymptotic normality: assume that TV exists, v N (9 —
8o) —% N'(0,W 1), where

. 1
W= lim —Jn (29)
N—ooo IV
4) Average transmission rate: assume that
. 1 N . ..
limy so0 + D1 Qk exists, the average transmission
rate is
LN
a.s. .
IN — 1 — lim — oy, 30
N Aim 1;71 k (30)

The proof is reported in the Appendix.

Remark 3: The Fisher matrix for the MLE with full measure-
ments is Y0 | H, L 'H] . Under the scheduling policy (3),
the fisher matrix is reduced by Zivzl aprHp S 1Y TH,
This quantitatively reflects the degradation of the estimation
performance due to the missing measurements. By designing 7%
and Ay, we can adjust oy, and €2, to meet the estimation quality
requirement.

When the MLE is in the recursive form in Algorithm 1, we
show the asymptotic properties of the recursive MLE é’,‘\, in (24).

Theorem 4. Under Assumption 1 and the assumptions of
supy, | Hx|| < oo and supy, |7 < oo, let 7 = H, 8 1
and the MLE éf{] in (16) has the following asymptotic statis-
tical properties.

1) Consistency: 07 2% g.

2) Asymptotic normality: assume that W exists, vN (9}*\, —

6) —45 N(0,W 1), where

N
—det (L, + SALY P ES IS H] (1)
3) Average transmission rate: assume that
iy & 300, det (I, + EA,;l)’% exists,
1 & 1
Ty S 1o lm > det (I, +34, 1) 7% (32)

k=1

The proof is reported in the Appendix.
Remark 4: Comparing Theorem 3 and 4, we see that 3, <
A~ and W;l > W~ for the same Ay. Notice that the low

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 63, NO. 24, DECEMBER 15, 2015

transmission rate and the small error covariance are favorable.
Though not clear now, we will show that 7, = H ,j ék,l is
generally asymptotically optimal in terms of the rate and the
error covariance later.

In the aforementioned asymptotic results, { Hy } is assumed
to be a deterministic sequence. The asymptotic properties still
apply if we give a sufficient condition of wide-sense stationary
ergodicity for { Hi }. The following result can be easily proved
by using the Birkhoff’s ergodic theorem.

Corollary 1: If {Hy} is a wide-sense stationary ergodic
random process with uniformly bounded co-th moment, then
the asymptotic normality in Theorem 3 and Theorem 4 still
holds.

V. DESIGN OF OPTIMAL PARAMETERS IN THE
SCHEDULING PoLICY

For vector measurements, the mapping between the transmis-
sion rate and the error covariance is not one-to-one. We can thus
design the parameters 73 and Ay, in the policy (3) to obtain an
optimal tradeoff between the rate and the covariance. We quan-
tify the communication cost and the estimation performance and
then formulate a constrained optimization problem. As for the
communication cost, we treat J, = E[vz] as the transmission
intention at time k. For the case of the infinite horizon, it is rea-
sonable to uniformly bound the transmission intention such that
the communication budget is satisfied. On the other hand, since
the MLE reaches the CRLB when N — oo, we use the CRLB
as the estimation performance index. To measure the size of the
CRLB, we use the spectral radius. In this work, we denote the
sequence of the parameters as

TZ:{Tl,...,TN},

A={Ar...,Ax}

Denote the set of all possible sequences (7, A) to be Z. Given
a rate constraint ry, we can have a feasible set of sequences

{(r, &) € E|y < ro, Yk}

to satisfy the communication requirement. Thus the question is
how to find the optimal solution of (7*, A*) that minimizes the
spectral radius of the CRLB and satisfies the transmission rate
constraint. Mathematically, we are interested in the following
optimization problem.

Problem 1:
min_ p(W™), (33)
(r,A)ex
s.t. J, < 7o, Yk, (34)

where p(W 1) is the spectral radius of W 1. We first give a
necessary condition for the optimal 7* and then find the optimal
A, which enables that 7 and A can be separately designed.
Lemma 4: The optimal 7* is given by 7, = H, 0,Vk. The
proof is given in the Appendix. Letting 7, = H ,;r #, we trans-
form Problem 1 into
Problem 2:

: -1
min p (VV_,_ ) ,
s.t. Y < 7o, Vk.

(35)
(36)
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Practically, H TH is not exactly known. Since we are more con-
cerned about the performance after a long period, we use 7, =
Hipb,_1 to approximate H, @ due to the consistency of On
given by Theorem 4. By 1ntr0duc1ng a random variable £, we
can rewrite Problem 2 into

Problem 3:
121;1 t 37
st Wt <, (38)
Vi < 1o, VK. (39)

nXn

By changing the variable Ay, = CI>,;1, ®;, € R\, we can see

that W;l < tI,, is equivalent to
N —1
t —1 T y
N~ (; Hyy 'H| —Mk) >0, (40)
S H > My > o Hy2 7 (B + 3 'S H] vk
(41)

where Mj, is an intermediate matrix variable. It is straightfor-
ward to see HyX ' H,] — M}, > 0 from (41). Then from (40)
we have

SN HEH] M, 1,

>0
1, LI,

by the Schur complement condition for the positive semidefi-
niteness. From (39), we can transform (41) into

My — (1= ro) Hy2 7 (D), + 2—1)*12—1H,fT >0. (42)

Since @+ X1
we have

> 0, by checking Schur complement condition

ﬁ (@r+E71)
Hk271

>»lH]

>0, My > 0.
|2 OMe=0

Next we turn to the constraint in (34). Since ¥, = oy, is a log-
concave function of @, we relax the constraint by replacing %y
with its lower bound. From [27, Lemma 2], we use the following
lower bound of 7,

T > 1— (1+tr(Dd)) .

Hence we obtain the relaxed constraint

1 2
" D) < —~1.
t1(2¢m)_ (1—7°0> 1

Then we have a relaxed SDP optimization problem. The lower
bound of optimal solution ¢ to Problem 3 can be found by
solving the following SDP problem.

(43)

Problem 4:
min ¢ 44
t{®r} (44)
1T _
st | ko B2, Inlso0, @)
L, W1
1 @ +E T
1—7‘0( k X k‘ Z (46)
Hy>3~ A[k
1
tr(Xd) < -1 47
« n_(lm) @)
dp >0, Hy X Y H] > M >0,VEk. (48)
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The optimal solution to Problem 4 is the lower bound of the
optimal solution to Problem 1. In particular, if the optimal Af
to the Problem 4 satisfies (34), then A* = A,

Similarly we can find the upper bound of the optimal solution.
By using [27, Lemma 2], we have the upper bound of 7y,

1
Fe <1 —exp (—atr(Hfbk)) .

The upper bound of optimal solution ¢ to Problem 3 can be found
by solving the following SDP problem.

Problem 5:
min ¢
t:{q}k}
N _
s, | k= HREH - My Il >,
I, ~ln
o 1) 1T
(et X £ | > 0,vk,
H.X M,

tr(X®y) < —2In(1 — rq), V&,
dy > 0, My, > 0,VEk.

The tightness of the upper and lower bounds will be shown in
the numerical examples later.

VI. PARAMETER ESTIMATION UNDER CONSTRAINED
TRANSMISSION RATE WITH PRIORI KNOWLEDGE

In this section we study the maximum a posteriori (MAP)
estimation and the Bayes estimation problems when the priori
information of 8 is given. It is well known that if we have the
priori statistical knowledge of €, the ML estimation problem be-
comes the maximum a posteriori (MAP) estimation problem.
More generally, to find the a posteriori distribution of the pa-
rameter, the ML estimation problem can be reformulated into
the Bayes estimation problem. The simplicity of the MLE in
(16) facilitate the two problems compared with the MLE in [29].

A. MAP Estimation

Assume we have the a priori distribution function fg(z) of
d, from Bayes’ theorem,

fzy (21, .., 2n10) fo(x)
fZA,(Zl,...,ZN) '

, 2n) is independent of 8, the MAP estimator

fo(z12n) = (49)

Since fz, (z1,. .-

is thus given by

INYT(8) :=1n(0) + log (fa())
ONAT = argmax INAT (21 6),

where I (8) is given in (13). Note that if fg{x) is log-concave
then INM4F (9) is concave due to the concavity of I (#). In that
case the global maximizer is easy to obtain via analytical or
numerical methods.

Example 5 (Gaussian Case): Let fg(x) := N (ji, %) and set
the gradient of 134 (9) to be zero, i.e.,
0=V (N0 ng - 0)
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Then we have

0MAP

N
2*1+Z veH S H,]

:
+(1 — ) Hi (B + Ak)lHkT]
k=1

N
X li—lﬂ-l-z Ve Hy S e+ (1 - %)Hk(E‘*‘Ak)—lTk] .
k=1

(50)

Note that if we have the non-informative a priori distribution
for instance ¥ —» oo, then HMAP — 0\7 Particularly, when
N — oo, the MAP estimator asymptotlcally converges to the
MLE, i.e., GNAP — Gy

B. Bayes Estimation

The MAP estimation gives us the value where the a poste-
riori distribution function attains its maximum value. To ob-
tain the a posteriori distribution function f¢(z|Zx) in (49),
we resort to solving the Bayes estimation problem. Usually,
the most challenging part is to compute fz,(z1,...,2n) =
J fzx(21,...,2n5]0 = z)fo(z)dx where the integration may
involve intractable computation. It is known that for a given
likelihood function like fz, (z1,...,2n5|f), a conjugate prior
fo(x) is the a priori distribution which renders the a poste-
riori distribution fz, (21, ..., zn ) own the same algebraic form
as the the a priori does. In practice one reasonably assumes a
Gaussian a priori distribution function for 8 since it is the con-
jugate prior for a Gaussian likelihood function.

One advantage of our scheduling policy is the computational
simplicity of the resulting MLE. This is inherent in the deriva-
tion of the Bayes estimation. We can easily obtain the a poste-
riori distribution when the conjugate prior is used. If fy(z) :=
N (@1, %), then we have

[Ty fon () Prioy, = 0} fo(x)

x| ZN) =
fol@|Zn) = [ fzn(z1,. .., 2n]0 = @) fo(x)da
=N (0N, Py), (51)
where MAP s given in (50) and Py in (25). For a recursive

MMSE estimator, we recommend [27] to the readers.

Remark 5: The Gaussian conjugate prior is assumed due to
the Gaussian noise assumption. This is commonly adopted for
simplicity despite any scheduling scheme is used. For other
types of the distribution of noise, one may need to adjust the
form of the policy in (3) to simplify the integration in (51).

VIL

In this section we present some numerical examples to show
the main results and illustrate the performance of the proposed
scheduling policy.

NUMERICAL SIMULATIONS

A. Some Properties of the MLE

We consider the following linear system model (1)
with the parameter § = [2 1]T. The observation matrix
Hj, = [hy hs] is chosen with each entry uniformly distributed,
ie., hy ~ U[0,2],hy ~ UJ[l,3]. The white Gaussian noise
covariance &~ = 1. In Fig. 2(a) we show the consistency of
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Fig. 2. (a) Comparison among the proposed MLE, the MLE with random drop
policy and the LSE with full measurements. (b) MAP estimation under the
proposed policy or with full measurements. The a priori distribution of € is
N([4,0.5]T,15).
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the MLE estimator in (16) with 7, = 2 and A, = 2,Vk.
We choose the transmission rate constraint rq to be 0.46.
As a reference we also plot the estimate of an LSE with full
measurements and the estimate of an MLE with random trans-
mission access at the same rate of 0.46. The MLE with random
transmission is equivalent to the LSE with an arbitrary subset
of measurements, of which the expected cardinality over the
cardinality of the full set is the transmission rate. We can see
that the convergence rate of the proposed MLE is much faster
than that of the MLE with random transmission. Moreover, all
the estimators are consistent due to the law of large number.
In Fig. 2(b) we illustrate the MAP estimation. Assume the a
priori distribution is A'([4,0.5] T, I,). It can be seen that the
estimate is closer to the a priori mean and then converges to
the true value after a long time. To see what the scheduling
pattern is like, we zoom in on the time horizon in Fig. 2(a). The
realization of ~y; within [450,500] is plotted in Fig. 3(b). It can
be seen that the estimates of 6(2) given by the proposed MLE
and LSE are quite close in Fig. 3(a) but the transmission rate
has been reduced to 0.46. In Fig. 4 we plot the expected ML
estimate versus time with 5000 simulation runs. The biased-
ness can be seen clearly when & < 1000. But the asymptotic
unbiasedness is noticed when & becomes larger. In Fig. 5, the
tradeoff between the transmission rate and the mean squared
error (MSE) is shown. The trace of the MSE in dB is defined
as MSE[dB] = 10log,, (tr(E[v N8y — OV N (6x — 6)T])).
The time horizon is 500 and 73, = 2, Vk. The different rates are
chosen by adjusting Ay, € [0.01, 50], Vk.

B. Comparison With the MLE Under Deterministic Scheduler

In this subsection we aim to compare the proposed MLE with
the MLE under the deterministic scheduler in [29]. In Fig. 6, we
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Fig. 7. Comparison with the deterministic scheduler.

compare the performance of the proposed MLE and the MLE
with the deterministic policy in [26] under the same transmis-
sion rate 0.7. The thresholds in both policies are chosen to be
H,! 6 for simplicity. The empirical asymptotic MSE under the
proposed policy matches the theoretical MSE. In Fig. 7, we
compare the performance of both policies under different trans-
mission rates. To experimentally obtain an accurate transmis-
sion rate, we choose the time horizon to be 10000. It can be
shown that the MSE under the proposed policy is larger since
we add some random noise when the sensor is making a trans-
mission decision. This reflects a tradeoff between the computa-
tion complexity and estimation performance. When the rate is
larger, i.e. v > 0.5, it is more likely to use the proposed policy
since the performance gap is very small.

C. Parameter Design

In Section V, we relax Problem 1 into Problem 4 and 5 to
find an upper bound and lower bound of the optimal objective
function. If we denote p(W, 1), p(W="), p(W ") as the op-
timal objective functions by solving Problem 1, Problem 4 and
Problem 5, respectively, it can be easily seen that

p(Woh) —p(Wr) <p (Wi ) = p(W21).
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Fig. 8. Tightness of the upper and lower bounds of the optimal objection func-
tion.

In practice we can solve Problem 5 to obtain a suboptimal
schedule satisfying the transmission rate constraint in (34).
Thus the gap, p(W ') — p(W™'), can quantify the per-
formance difference between the optimal schedule and the
suboptimal one. The tighter the gap is, the more closer p(W, 1)
and p(W ') are to each other.

To illustrate the tightness of the upper and lower bounds, we
choose the system parameters in (1) as follows,

10 0.5 5 0
m= | Sl mz=5 8.

Then we solve the two SDP problems in Problem 4 and 5 for
each ry by using the cvx toolbox. Fig. 8 shows that the upper
and lower bounds are tight for different transmission rate con-
straint, which means that the suboptimal schedule by solving
Problem 5 can replace the optimal one very well.

VIII. CONCLUDING REMARKS

We have investigated the optimal parameter estimation under
the transmission rate constraint in this work. We designed a
stochastic scheduling mechanism which defines the importance
of each measurement to obtain a better tradeoff between the
estimation quality and the transmission rate. By exploiting
the resemblance of the proposed stochastic mechanism and
the Gaussian density function, we obtained a closed-form
data-driven MLE with a subset of measurements. We explicitly
gave the CRLB of any unbiased estimator with the incomplete
measurements. The asymptotic results show the consistency
and asymptotic normality of the proposed MLE. The stationary
error covariance of the MLE reaches the CRLB asymptotically.
We also formulated an optimization problem to search the
optimal parameters in the scheduling mechanism to obtain the
optimal tradeoff between the estimation performance and the
transmission rate requirement. Due to the simplicity of the
MLE, we also easily incorporated the prior knowledge of the
parameter into the estimator.

One direction of the future work is to combine the temporal
and spatial communication scheduling among a network of sen-
sors. Our sensor scheduling policy is a temporal type which
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cannot avoid the packet collision and interference with other
sensors. Taking the nodes in neighborhood into account while
transmitting the important data is an interesting open problem.

APPENDIX

Proof of Lemma 3: Taking expectation over (14), we have
E [9x(6)]
/ H,x ! (;vk — H,IH) f(zg)day,
{m=1}
+ / Hi (X + Ag)~
{yx=0}

= / HyS ! (Hy 0 — o) f(ay)day

1 (Tk — H,;re) f(Lk)dlk

+ [ s (10— 7)
m —H, X (Hy 0— ax))

1 .
x f(wk) exp <—§|ka - Tk|ik1> day

=0. (52)

The first integral is 0 due to E[x;] = H, 8. The second integral
is also 0 from Lemma 1. ]

Proof of Proposition 1: To obtain the CRLB we
need to first compute the Fisher information matrix
In == E[V(In(0)) " V(In(8))] where V(Ix(F)) is given in
(17). We have

V (In(0) V (I

. )]
E [ igk (i gk(9)>

k=1

k#j
N N
=E lzgk )T [+D Elg(®)IE [g;(0)"] (53)
k=1 k73
N
=Y Elg 7. (54)

k=1
The latter term in (53) results from the fact that {gy(6)} is an

independent random process. Then from (3), (14) and (54), we
have

X [(wk — 1 6) (24 - H,jeﬂ (s "
+ H (S + Ap) Eymoy | (e — HL0) (e — B 0) |

x (H(S+Ap) ") " (55)
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From (6) and Lemma 1, the first expectation term in (55) is given
by

E{vkzl}{(xk — Hy 0) (xx _'EEIQ)T}
= / (:ck — HIIQ) (;Ek — HI;FG)Tf(-Tk)dwk
- / (2x — HT) (2, — HT6) f(2)

1
X exp <—§||.Tk — TkHQAk1> d:ck

=% = a [ + (wr — HL0) (i — H[0) | (56)
The second expectation term in (55) is given by
Eyemoy | (e — H0) (e — H6) ']

= ay (1 — H] 0) (r — H6)"
From (55), (56), (57) and Lemma 2, we have
E[Vn(E) V(x|

(57)

N
=Y HY 'H) - apHy X ' X THY L (58)
k=1

Therefore, we have the CRLB for any unbiased estimator

Var (6%) > E[V (1 (6) V (1 (8) 7] =33

Proof of Theorem 3:
1) Notice that 8y — 8§ = S;]lTN, where

1 N 1 N
SN = szzlhk(H%TN = N};gk(ﬂ)

The functions gx(6) and hy(#) are defined in (14) and
(15). We now show that Sy 2% limy __, ;o E[Sn] and
Tn 2% limpy 4 o0 E[T]. From Lemma 2, we have
E[he(0)] = (1 — i) Hy X " Hy + o Hy (X + Ay) ' HY,
E [he(0)hi(0)"] = ar(l — ax) (HeS ' H HyX'H,
+H (S + Ap) H Ho(S + Ag) M H)
Since v is independently distributed  and
supy, [|[E[hx(0)h(8)T]] < oo, from the Rajchman’s

strong law of large numbers (SLLN) [32, Theorem 5.1.2]
we conclude that

=w1i

lim
N—=+oo

Sn 5 (59)

L X

~ Z E [ht(0)]
k=1

From (52) we have E[g;(6)] = 0. From (56) and (57), we

can see that sup,, ||E[gx(8)gx(8) T]|| < co. Now we have

Ty 250

Since limy o0 Z;y:l E[[|ht(6)]]] < oo, from the
continuous mapping theorem [33, Theorem 2.3], we have
that

by — 6= Sy'Txw 250,
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which proves the consistency of QAN.

2) By the dominated convergence theorem [34], it is straight-
forward to obtain the result.

3) Pick an arbitrary y € R™ and denote g (8) = v ' gx(6). We
shall show the Lyapunov condition [34] holds and prove
the asymptotic normality of T'. For £ > 0, there exists an
upper bound 3M; > 0 such that

N

N
1 1
Uy =) E[lan@**] =5 D_E [l g (0)I1**]
k=1 k=1
21+s N
Z[E [lyey " HiS ™ ][]
k=1
21+5 N
Z[E 11— vie)y " Hi(E + Ag) "
k=1
(re — H[6) ||**°]
21-‘,—6 N

Z E[ly" HiZ twg )| 2]

21+€ - T T oy 24e
Z[E ly" Hy(S+Ax) " (7 — Hy, 6)]**°]
k=1

The first inequality comes from the ¢, inequality
[35, Chapter 6, Theorem 4]. The boundness is due to
supy, || Hx|| < oo and supy, ||7%|| < oo. On the other hand,
there exists an upper bound Af; such that

N
1 i 1 .
= N;E [FAGINE ~Y Invy < M; < oo,

Then we have

Uy

1+%

— 50
Nip, 2

which shows the Lyapunov condition is satisfied. Since
Assumption 1 ensures that W exists, applying the Linde-
berg-Feller central limit theorem [34, Theorem 7.3.1] and
from (58) we have

VNTy -5 N0, W ).
Note that
VN — 0) = S (VNTy).
From (59) and the Slutsky’s theorem [35, Chapter 5, The-
orem 7], we have
VN@y — 0) -5 N(0, W),

4) From (11) and the SLLN, we immediately have (30) which
completes the proof. [ |
Proof of Theorem 4: The consistency and asymptotic nor-
mality are not affected by the value of 7 and their validity fol-

lows from Theorem 3. The stationary covariance W;l is dif-
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ferent and needs to be revisited. From (27), we can rewrite the
new Fisher information matrix in case that 7, = H ,T Or_1,

N
Iy =3 HiST'H) —aj HyS 'S H,  (60)

k=1
Zl) . (61)

af = det (I, + TAY)

Since é}“\, 22 9, we have 7, =5 H,:H. Two immediate
results are af =% det(L, + SA, )77 and £7% B Wy
according to the continuous mapping theorem. Together with
(30) we have (32). Due to the asymptotic efficiency of the MLE,
we conclude the stationary covariance is W;l. [ |

Proof of Lemma 4: To facilitate the proof, we intro-
duce some definitions and notations. Denote the operator
L(A) := W~Y(A) where W1 is given in (29). The increasing
operator monotonicity is asserted if and only if L(A1) > L(As)
forany Ay > Ay, where A; = {Ai},i=1,2,k=1,...,N.
We mean the sequence order Ay > Ay by Ap — A? > 0, for
any k.

It is straightforward to show that L{A) is operator monoton-
ically increasing. Now we shall prove the lemma by contradic-
tion. If we have the optimal solution (7*, A*) to the Problem
1 where 3k, 77 # H, 8, there exists another solution (7', A’)
where A} < A} and 7, = H,| 6 for the indices k € {k|r} #
H, 0} and A, = A} for the indices k € {k|r; = H} 6} such
that

1
2

1 . 2
X exp (5 HH];FH — erkilHA N
k

_1
2

_ 1
et (158 ™) e (<3 1H0 - s)

1
= det (In + 3 (A;c)—l) 2exp<—%H,It9 — H;;FGHQAHZJ

due to the continuity of det(-}. Thus both solutions lead to the
same % . Due to the operator monotonicity of L(A), we have
L(AL) < L(A}), thus p(L(A})) < p(L(A})) which contra-
dicts the optimality assumption of (7*, A*). This completes the
proof. ]
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